In this paper, we first discuss the relation between VB-Courant algebroids and E-Courant algebroids and construct some examples of E-Courant algebroids. Then we introduce the notion of a generalized complex structure on an E-Courant algebroid, unifying the usual generalized complex structures on even-dimensional manifolds and generalized contact structures on odd-dimensional manifolds. Moreover, we study generalized complex structures on an omni-Lie algebroid in detail. In particular, we show that generalized complex structures on an omni-Lie algebra gl(V ) ⊕ V correspond to complex Lie algebra structures on V .
Introduction
The theory of Courant algebroids was first introduced by Liu, Weinstein and Xu [17] providing an extension of Drinfeld's double for Lie bialgebroids. Precisely, the double of a Lie bialgebroid is a special Courant algebroid [17, 20] . Jacobi algebroids are natural extensions of Lie algebroids and Courant-Jacobi algebroids. They were considered by Grabowski and Marmo [7] and they can be viewed as generalizations of Courant algebroids. Both Courant algebroids and Courant-Jacobi algebroids have been extensively studied in the last decade since these are crucial geometric tools in Poisson geometry and mathematical physics. It is known that they both belong to a more general framework, namely that of E-Courant algebroids. Indeed, E-Courant algebroids were introduced by Chen, Liu and the second author in [5] as a differential geometric object encompassing Courant algebroids [17] , Courant-Jacobi algebroids [7] , omni-Lie algebroids [4] , conformal Courant algebroids [2] and AV -Courant algebroids [14] . It turns out that E-Courant algebroids are related to more geometric structures such as VB-Courant algebroids [15] .
The aim of this paper is two-fold. Firstly, we illuminate the relationship between VB-Courant algebroids and E-Courant algebroids. Secondly, we study generalized complex structures on E-Courant algebroids. Recall that a generalized almost complex structure on a manifold M is an endomorphism J of the generalized tangent bundle TM := T M ⊕T * M which preserves the natural pairing on TM and such that J 2 = − id. If, additionally, the √ −1-eigenbundle of J in the complexification TM ⊗ C is involutive relative to the Dorfman (equivalently, the Courant) bracket, then J is said to be integrable, and (M, J ) is called a generalized complex manifold. See [3, 6, 8, 9, 23] for more details.
Given a vector bundle E q → M , we consider its gauge Lie algebroid DE, i.e. the gauge Lie algebroid of the frame bundle F (E). It is known that DE is a transitive Lie algebroid over M and the first jet bundle JE is its E-dual bundle. In fact, ol(E) = DE ⊕ JE is called an omniLie algebroid [4] , which is a generalization of Weinstein's concept of an omni-Lie algebra [26] . In particular, the line bundle case where E comes from a contact distribution brings us to the concept of a generalized contact bundle. To have a better grasp of the concept of a generalized contact bundle, we briefly review the line bundle approach to contact geometry. By definition, a contact structure on an odd-dimensional manifold M is a maximal non-integrable hyperplane distribution H ⊂ T M . In a dual way, any hyperplane distribution H on M can be regarded as a nowhere vanishing 1-form θ : T M → L (its structure form) with values in the line bundle L = T M/H, such that H = ker θ. Replacing the tangent algebroid with the Atiyah algebroid of a line bundle in the definition of a generalized complex manifold, we obtain the notion of a generalized contact bundle. In this paper, we extend the concept of a generalized contact bundle to the context of E-Courant algebroids.
The paper is organized as follows. Section 2 contains basic definitions used in the sequel. Section 3 highlights the importance and naturality of the notion of E-Courant algebroids. Explicitly, the fat Courant algebroid associated to a VB-Courant algebroid (see the definition of a VB-Courant algebroid below) is an E-Courant algebroid. We observe the following facts:
• Given a crossed module of Lie algebras (m, g), we get an m-Courant algebroid Hom(g, m) ⊕ g, which was given in [13] as a generalization of an omni-Lie algebra.
• The omni-Lie algebroid ol(E) = DE ⊕ JE is the linearization of the VB-Courant algebroid T E * ⊕ T * E * . This generalizes the fact that an omni-Lie algebra is the linearization of the standard Courant algebroid.
• For a Courant algebroid C, T C is a VB-Courant algebroid. The associated fat Courant algebroid JC is a T * M -Courant algebroid. The fact that JC is a T * M -Courant algebroid was first obtained in [5, Theorem 2.13] .
In Section 4, we introduce generalized complex structures on E-Courant algebroids and provide examples. In Sections 5, we describe generalized complex structures on omni-Lie algebroids. In Section 6, we show that generalized complex structures on the omni-Lie algebra ol(V ) are in oneto-one correspondence with complex Lie algebra structures on V .
Preliminaries
Throughout the paper, M is a smooth manifold, d is the usual differential operator on forms, and E −→ M is a vector bundle. In this section, we recall the notions of E-Courant algebroids introduced in [5] , omni-Lie algebroids introduced in [4] , generalized complex structures introduced in [8, 9] and generalized contact structures introduced in [24] .
E-Courant algebroids and omni-Lie algebroids
For a vector bundle E → M , its gauge Lie algebroid DE with the commutator bracket [·, ·] D is just the gauge Lie algebroid of the frame bundle F (E), which is also called the covariant differential operator bundle of E (see [18, Example 3.3.4] ). The corresponding Atiyah sequence is as follows:
In [4] , the authors proved that the jet bundle JE may be considered as an E-dual bundle of DE:
Associated to the jet bundle JE, there is a jet sequence given by:
Obviously, a Courant algebroid is an E-Courant algebroid, where E = M × R, the trivial line bundle. Similar to the proof for Courant algebroids ([20, Lemma 2.6.2]), we have Lemma 2.2. For an E-Courant algebroid K, one has
An omni-Lie algebroid, which was introduced in [4] , is a very interesting example of E-Courant algebroids. Let us recall it briefly. There is an E-valued pairing (·, ·) E on DE ⊕ JE defined by
Furthermore, Γ(JE) is invariant under the Lie derivative L d for any d ∈ Γ(DE) which is defined by the Leibniz rule:
On the section space Γ(DE ⊕ JE), we can define a bracket as follows
where ρ is the projection from DE ⊕JE to DE, (·, ·) E and ·, · are given by (5) and (6) respectively.
We will denote an omni-Lie algebroid by ol(E).
Generalized complex structures and generalized contact structures
The notion of a Courant algebroid was introduced in [17] . A Courant algebroid is a quadruple (C, ·, · , (·, ·) + , ρ), where C is a vector bundle over M , ·, · is a bracket operation on Γ(C), (·, ·) + is a nondegenerate symmetric bilinear form on C, ρ : C −→ T M is a bundle map called the anchor, such that some compatibility conditions are satisfied. See [20] for more details. Consider the generalized tangent bundle
On its section space Γ(TM ), there is a Dorfman bracket:
Furthermore, there is a canonical nondegenerate symmetric bilinear form on TM :
We call (TM, ·, · , (·, ·) + , pr T M ) the standard Courant algebroid.
See [8, 9] for more details. Note that only even-dimensional manifolds can have generalized complex structures. In [24] , the authors give the odd-dimensional analogue of the concept of a generalized complex structures extending the definition given in [10] . We now recall the definition of a generalized contact bundle from [24] . A generalized contact bundle is a line bundle L → M equipped with a generalized contact structure, i.e. a vector bundle endomorphism I : DL ⊕ JL → DL ⊕ JL such that
Let (L → M, I) be a generalized contact bundle. Using the direct sum ol(L) = DL ⊕ JL and the definition, one can see that
where J is a Jacobi bi-derivation, φ is an endomorphism of DL compatible with J, and the 2-form ω : ∧ 2 DL → L and its associated vector bundle morphism ω ♭ : DL → JL satisfy additional compatibility conditions [24] .
VB-Courant algebroids and E-Courant algebroids
In this section, we highlight the relation between VB-Courant algebroids and E-Courant algebroids and give more examples of E-Courant algebroids.
Denote a double vector bundle 
Note that Γ 
Example 3.1. Let E be a vector bundle over M .
(a) The tangent bundle (T E; T M, E; M ) is a double vector bundle with core E. ThenÂ is the gauge bundle DE and the exact sequence (9) is exactly the Atiyah sequence (1).
(b) The cotangent bundle (T * E; E * , E; M ) is a double vector bundle with core T * M . In this case,Â is exactly the jet bundle JE * and the exact sequence (9) is indeed the jet sequence (3).
Definition 3.2. ([15]) A VB-Courant algebroid is a metric double vector bundle
with core C such that E → B is a Courant algebroid and the following conditions are satisfied:
is a morphism of double vector bundles.
(ii) The Courant bracket is linear. That is
For a VB-Courant algebroid E, we have the exact sequence (9) . Note that the restriction of the pairing on E to linear sections of E defines a nondegenerate pairing onÂ with values in B * , which is guaranteed by the metric double vector bundle structure; see [11] . Coupled with the fact that the Courant bracket is closed on linear sections, one gets the following result. 
with base E * and core E * ⊕ T * M → M . The corresponding exact sequence is given by
Actually, by Example 3.1, the corresponding fat Courant algebroidÂ here is exactly the omniLie algebroid ol(E) = DE ⊕ JE. So the omni-Lie algebroid is the linearization of the standard VB-Courant algebroid.
carries a VB-Courant algebroid structure with base T M and core C → M . The associated exact sequence is
Actually the fat Courant algebroidĈ is JC, which is a T * M -Courant algebroid by Proposition 3.4. So we get that on the jet bundle of a Courant algebroid, there is a T * M -Courant algebroid structure. This result was first given in [5] .
A crossed module of Lie algebras consists of a pair of Lie algebras (m, g), an action ⊲ of g on m and a Lie algebra morphism φ : m → g such that
Given a crossed module, there is an action ρ :
where u ⊲ · ∈ gl(m) is viewed as a linear vector field on m * and φ * α ∈ m * is viewed as a constant vector field on m * . Note that this action is coisotropic. We get the action Courant algebroid [16] (g ⋉ g * ) × m * over m * with the anchor given by ρ and the Dorfman bracket given by
for any
with base m * and core g * . See [15] for details. The associated exact sequence is
Since the double vector bundle is trivial, we haveÂ = Hom(g, m) ⊕ g. Moreover, applying (10), we get the Dorfman bracket on Hom(g, m) ⊕ g. 
and the Dorfman bracket is given by Proof. By (10), it is obvious that
For A, B ∈ Hom(g, m), v ∈ g, applying (10), we find
where we have used
Finally, we have
This completes the proof. 
the anchor is
and the Dorfman bracket is given by
Generalized complex structures on E-Courant algebroids
In this section, we introduce the notion of a generalized complex structure on an E-Courant algebroid. We will see that it unifies the usual generalized complex structure on an even-dimensional manifold and the generalized contact structure on an odd-dimensional manifold. 
Furthermore, J is called a generalized complex structure if the following integrability condition is satisfied:
Remark 4.3. Generalized complex structures on an E-Courant algebroid (K, [·, ·] K , (·, ·) E , ρ) are in one-to-one correspondence with Dirac sub-bundles S ⊂ K ⊗ C such that K ⊗ C = S ⊕ S. By a Dirac sub-bundle of K, we mean a sub-bundle S ⊂ K which is closed under the bracket [·, ·] K and satisfies S = S ⊥ . The pair (S, S) is an E-Lie bialgebroid in the sense of [5] .
Remark 4.4. Obviously, the notion of a generalized contact bundle associated to L, which was introduced in [24] , is a special case of Definition 4.1 where E is the line bundle L. In particular, if E is the trivial line bundle L • = M × R, we have
Thus, a generalized complex structure on an E-Courant algebroid unifies generalized complex structures on even-dimensional manifolds and generalized contact bundles on odd-dimensional manifolds 
where ρ ⋆ : JE → A * ⊗ E is the dual of the A-action ρ : A → DE on E. Then it is straightforward to see that the integrability condition (12) holds if and only if D is a Nijenhuis operator on A.
Any generalized complex structure on a Courant algebroid induces a Poisson structure on the base manifold (see e.g. [1] ). Similarly, any generalized complex structure on an E-Courant algebroid induces a Lie algebroid or a local Lie algebra structure ( [12] ) on E .
Generalized complex structures on omni-Lie algebroids
In this section, we study generalized complex structures on the omni-Lie algebroid ol(E). We view ol(E) as a sub-bundle of Hom(ol(E), E) by the nondegenerate E-valued pairing (·, ·) E , i.e. e 2 (e 1 ) 2 (e 1 , e 2 ) E , ∀ e 1 , e 2 ∈ Γ(ol(E)).
By Proposition 4.2, we have
Corollary 5.1. A bundle map J : ol(E) −→ ol(E) is a generalized almost complex structure on the omni-Lie algebroid ol(E) if and only if the following conditions are satisfied:
Since ol(E) is the direct sum of DE and JE, we can write a generalized almost complex structure J in the form of a matrix. To do that, we need some preparations.
Vector bundles Hom(∧ k DE, E) JE and Hom(∧ k JE, E) DE are introduced in [5] and [21] to study deformations of omni-Lie algebroids and deformations of Lie algebroids respectively. More precisely, we have
and d ♯ is defined similarly. By (2), for any µ ∈ Hom(∧ k DE, E) JE , we have
, where is the coboundary operator of the gauge Lie algebroid DE with the obvious action on E.
Proposition 5.2. Any generalized almost complex structure J on the omni-Lie algebroid ol(E) must be of the form
where
such that the following conditions hold:
Proof. By Corollary 5.1, for any generalized almost complex structure J , we have J ⋆ | ol(E) = −J . Thus J must be of the form
where N : DE −→ DE is a bundle map satisfying N ⋆ (JE) ⊂ JE, φ : JE −→ DE and ψ : DE −→ JE are bundle maps satisfying
Therefore, we have φ = π ♯ , for some π ∈ Γ(Hom(∧ 2 JE, E) DE ), and ψ = σ ♮ for some σ ∈ Γ(Hom(∧ 2 DE, E) JE ). This finishes the proof of the first part. As for the second part, it is straightforward to see that the conditions follow from the fact that J 2 = −id. 
where the bracket
(ii) π and N are related by the following formula:
(iii) N satisfies the condition:
where T (N ) is the Nijenhuis tensor of N defined by
(iv) N and σ are related by the following condition
Thus we have
We claim that (22) is equivalent to (19) . In fact, applying (22) to ν ∈ Γ(JE) and (19) to d ∈ Γ(DE), we get the same equality.
Next let e 1 = d and e 2 = t be elements in Γ(DE), we have J (e 1 ) = N (d) + σ ♮ (d) and J (e 2 ) = N (t) + σ ♮ (t). Therefore, we have
. (25) We claim that (23) and (24) are equivalent. In fact, applying (23) and (24) to t ∈ Γ(DE) and µ ∈ Γ(JE) respectively, we get the same equality
By the equality π ♯ • σ ♮ + N 2 = −id and (24), we have
Thus (24) is equivalent to (20) . At last, we consider condition (25) . Acting on an arbitrary k ∈ Γ(DE), we have
Note that the following equality holds:
which implies that (25) is equivalent to (21) .
be a generalized complex structure on the omni-Lie algebroid ol(E). Then π satisfies (17). On one hand, in [4] , the authors showed that such π will give rise to a Lie bracket
On the other hand, by Theorem 4.6, the generalized complex structure J will also induce a Lie algebroid structure on E by (13) . By the equality
these two Lie algebroid structures on E are the same.
Thus, e b is an automorphism of the omni-Lie algebroid ol(E) if and only if b = 0. In this case, e b is called a B-field transformation. Genuinely, an automorphism of the omni-Lie algebroid ol(E) is just the composition of an automorphism of the vector bundle E and a B-field transformation.
In fact B-field transformations map generalized complex structures on ol(E) into new generalized complex structures as follows:
Example 5.7. Let D : E → E be a bundle map satisfying
is a generalized complex structure on ol(E). In fact, since
It is direct to check that the Nijenhuis tensor T (R D ) vanishes and the condition
and suppose that the induced map π ♯ : JE → DE is an isomorphism of vector bundles. Then the rank of E is 1 or equals to the dimension of M . We denote by (π ♯ ) −1 the inverse of π ♯ and by π −1 the corresponding element in Γ(Hom(∧ 2 DE, E) JE ).
Lemma 5.8. With the above notations, the following two statements are equivalent:
(ii) π −1 is closed, i.e. π −1 = 0.
Proof. The conclusion follows from the following equality:
which can be obtained by straightforward computations.
Then π ♯ satisfies (17 
is a generalized complex structure on ol(E).
Then π ♯ is an isomorphism. See [4, Corollary 3.9] for details. Then
is a generalized complex structure on the omni-Lie algebroid ol(T M ).
Example 5.11. Let (M, ω) be a symplectic manifold and (
which is an isomorphism (see [4, Corollary 3.10] ). Then
is a generalized complex structure on the omni-Lie algebroid ol(T * M ).
At the end of this section, we introduce the notion of an algebroid-Nijenhuis structure, which can give rise to generalized complex structures on the omni-Lie algebroid ol(E). 
Here π N ∈ Γ(Hom(∧ 2 JE, E) DE ) is given by
If N and π are compatible, we call the pair (π, N ) an algebroid-Nijenhuis structure on the Lie
The following lemma is straightforward, we omit the proof. (a) (π, N ) is an algebroid-Nijenhuis structure and N 2 = −id;
is a generalized complex structure on the omni-Lie algebroid ol(E).
Remark 5.
15. An interesting special case is that where E = L is a line bundle. Then (π, N ) becomes a Jacobi-Nijenhuis structure on M . Jacobi-Nijenhuis structures are studied by Luca Vitagliano and the third author in [25] . In this case, π defines a Jacobi bi-derivation {·, ·} of L (i.e. a skew-symmetric bracket which is a first order differential operator, hence a derivation, in each argument). Moreover, this bi-derivation is compatible with N in the sense that π 
Generalized complex structures on omni-Lie algebras
In this section, we consider the case that E reduces to a vector space V . Then we have DV = gl(V ), JV = V.
Furthermore, the pairing (4) reduces to
A, u V = Au, ∀ A ∈ gl(V ), u ∈ V.
Any u ∈ V is a linear map from gl(V ) to V ,
Therefore, an omni-Lie algebroid reduces to an omni-Lie algebra, which is introduced by Weinstein in [26] to study the linearization of the standard Courant algebroid. 
and ·, · is a bracket operation given by
We will simply denote an omni-Lie algebra associated to a vector space V by ol(V ). Thus, a generalized complex structure on the omni-Lie algebra ol(V ) gives rise to a complex Lie algebra structure on V . 
